
Copyright@    Page 1 

International Journal Research Publication Analysis  

 
 

 

 

A SCRUTINY ON THE CUBIC EQUATION WITH FOUR UNKNOWNS 

3322 wzyx 
 

 

S.Devibala*1, J.Shanthi2, M.A.Gopalan3 

 

1Associate Professor, Department of Mathematics, Sri Meenakshi Government Arts College 

for Women(A), Affiliated to Madurai Kamaraj University, Madurai-625 002, Tamil Nadu, 

India. 

2Assistant Professor, Department of Mathematics, Shrimati Indira Gandhi College, Affiliated 

to Bharathidasan University, Trichy- 620 002, Tamil Nadu, India. 

3Professor, Department of Mathematics, Shrimati Indira Gandhi College, Affiliated to 

Bharathidasan University, Trichy-620 002,Tamil Nadu, India. 

 

Article Received:  31 December 2025 

Article Revised: 20 January 2026    

Published on: 09 February 2026 

  

*Corresponding Author: S.Devibala  

Associate Professor, Department of Mathematics, Sri Meenakshi Government Arts 

College for Women (A), Affiliated to Madurai Kamaraj University, Madurai-625 

002, Tamil Nadu, India. 

DOI: https://doi-doi.org/101555/ijrpa.6695   

 

ABSTRACT 

This paper aims at determining  non-zero distinct integer solutions to the non-homogeneous 

cubic equation with four unknowns  3322 wzyx   by reducing it to the negative pellian 

equation through suitable transformations.  A few relations among the solutions are 

presented.  
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INTRODUCTION 

The theory of Diophantine equations offers a rich variety of fascinating problems. In 

particular, cubic diophantine equations, homogeneous and non-homogeneous have aroused 

the interest of numerous mathematicians since antiquity .  In this context, one may refer [1-

21] for various problems on the cubic diophantine equations .However, often we come across 

homogeneous and non-homogeneous cubic equations and as such one may require its integral 

solution in its most general form.  It is towards this end, this paper concerns with the problem 
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of determining a general form of non-trivial integral solutions of the non-homogeneous cubic 

equation with four unknowns given by   
3322 wzyx  . 

A few relations among the solutions are presented.  

 Method of analysis 

The non-homogeneous quaternary cubic equation to be solved  for integer solutions is 

3322 wzyx                                                                          (1) 

Two different patterns of integer solutions to (1) are illustrated below: 

Pattern 1 

  The option 

W)1s2(w),1W()1s2(z

,Y)ss2(y,Y)1s3s2(x 22




                                            (2) 

 in (1) leads to the negative pellian equation 

3Y12 22                                                                              (3) 

Where 3W6                                                                        (4) 

The smallest positive integer solution  ),Y( 00  to (3)  is given by 

3,1Y 00    

To obtain the other solutions to (3) , consider the pellian equation 

1Y12 22                                                                               (5) 

 whose least positive integer solution )~,Y
~

( 00   is given by 

            7~,2Y
~

00  
 

The general solution 
)~,Y

~
( nn 

 to (5) is given by 

nnnn g
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 where 

1n1n

n

1n1n

n )1227()1227(g,)1227()1227(f  
 

Employing the lemma of Brahmagupta between the solutions )~,Y
~

(&),Y( nn00  , 

we have 
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                       (6)

 

From (4), we have 
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)3(
6

1
W 1n1n                                                  (7) 

Using the values of  
1n1n W,Y 
  from (6) ,(7) in (2),the corresponding integer solutions to (1) 

are given by 
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













 (8) 

A few numerical solutions to (1) are presented in Table-1 below: 

 

Table-1- Numerical solutions. 

s n  
1nx 
 

1ny 
 

1nz 
 

1nw 
 

1 -1 6 3 3 0 

 0 78 39 24 21 

 1 1086 543 315 312 

 2 15126 7563 4368 4365 

2 -1 15 10 5 0 

 0 195 130 40 35 

 1 2715 1810 525 520 

 2 37815 25210 7280 7275 

 

Observations: 

1. 0xx14x 1n2n3n    

2. 0yy14y 1n2n3n    

3. )1s2(6zz14z 1n2n3n    

4. )1s2(6ww14w 1n2n3n    

5. )1s3s2(2s6s4xx15 22

3n22n2   times a perfect square 

6. )ss2(s2s4yy15 22

3n22n2    times a perfect square 

7. 22222

1n2n )1s3s2(3)1s3s2(12)x13x(4   times a perfect square 

8. 222

1n2n

2

2n1n )1s3s2(12)x13x(4)xx15(3    

9. 222

1n2n3n22n2

2 )1s3s2(6)x13x(4)xx15()1s3s2(3    
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10. )1s2()1s2(14)z13z(2 2n23n2   times a perfect square 

11. )1s3s2()1s2()1s3s2()1s2(8z)1s3s2(12x)1s2(8 22

2n2

2

2n2   tim

es a  perfect square 

 

Pattern 2 

The substitution 

1v,u,1vw,1vz,1uy,1ux                         (9)                                                                                          

in (1) gives 

2

)1v3(
u

2v6u4

2

2






                                                                          (10) 

Thus, taking 

1s2v   

 in (10) , one has 

2s6s6u 2   

In view of (9) ,one has the integer solutions to (1) to be 

s2w,2s2z

1s6s6y,3s6s6x 22




                                         (11) 

A few numerical solutions are given in Table-2 below: 

 

Table-2-Numerical solutions. 

s x y z w 

1 15 13 4 2 

2 39 37 6 4 

3 75 73 8 6 

4 123 121 10 8 

 

Observations 

1. Each of the following expressions is a square multiple of six 

(i) 3z3x   

(ii) 5z3y   

2. For values of s given by 

        
62

])625()625([
ss

1n1n

n

 
   , 
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it is seen that  w3y   is a perfect square 

3. For values of s given by 

    ]})625()625([3])625()625([6{
62

1
ss 1n1n1n1n

1n



  , 

it is seen that w3x   is a perfect square. 

4. 2wwz2wxzy 2   

5. 4w14w12w3zy2 23   

 

CONCLUSION 

An attempt has been made to obtain non-zero integer solutions to the non- homogeneous 

quaternary cubic Diophantine equation 3322 wzyx   by reducing it to the solvable 

pellian equation through suitable transformations  and the integer solutions are different from 

those of [21].One may search for other choices of transformations to reduce the degree of 

given equation to a lower degree equation that is solvable. 
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